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Abstract-A stable relaxation approximation for a transport equation with the diffusive scaling is 
developed. The relaxation approximation leads in the small mean free path limit to the higher-order 
diffusion equation obtained from the asymptotic analysis of the transport equation. @ 2002 Elsevier 
Science Ltd. All rights reserved. 
1. INTRODUCTION 
In the present short communication, we develop a relaxation approximation for a transport 
equation with the diffusive scaling. In [l], a relaxation approximation has been developed for 
kinetic equations with the Euler scaling. It has been used to stabilize higher-order equations-the 
Burnett equations-obtained from the Chapman Enskog procedure. Here, a relaxation approxi- 
mation is developed for equations with the diffusion scaling. The relaxation approximation leads 
in the limit to a higher-order approximation (0(c4)) of the transport equation. The approxima- 
tions can be developed using an arbitrary number of moment equations. We consider systems 
with two and three equations. The procedure can be applied for a variety of other equations, for 
example, the radiative heat transfer equations. 
2. ASYMPTOTIC ANALYSIS AND HIGHER-ORDER 
DIFFUSION EQUATION 
In this section, we describe the asymptotic analysis of the transport equation, see, for exam- 
ple, [2-4). For 2 E R, p E [-l,l], E > 0, and t E R+, we consider the transport equation 
where f = f’(x, v, t) is the distribution function, and 
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We insert the asymptotic expansion 
f = fo + ef1 + E2f2 + . . . 
into the transport equation and compare terms of equal order in E. For p = (f), the expansion is 
p = po + q11 + c2p2 + v-e, where pi,i = O,l,. . ., denote functions of (z, t) only. The solvability 
conditions for the equations for fo, ji, . . . , lead to 
and 
atpo - (P2) a;, = 0 
atpa - (p2) a:,, = -x@po, 
where we have defined X > 0 by 
x = 2 (p2>2 - (/.P> . 
p1 and ps can be chosen equal to 0. The terms in the above expansion for f are given by 
fo = PO = po(?t), 
fl = +%po, 
f2 = --&PO + I_L2&o + p2, 
f3 = wu%P0 - /J3a:po - /.L&pz, 
and 
f4 = @PO - 31-42@%Po - &P2 + !J4@Po + /J2d,p2 + p4. 
Using the expansion 
p = po + c2p2 + 0 (8) 
and defining K > 0 by 
fc = (P2>, 
one obtains the following. 
PROPOSITION 1. The density p = (f), f the solution of (1) is approximated up to 0(e4) by the 
solution of the higher-order diffusion equation 
atp - Ka,2p = -c2xa.$. (2) 
The equation is stable due to the negative sign of the coefficient on the right-hand side. It may 
be rewritten as 
&P + &q = 0, 
q = -k&p + e2xgp. 
3. AN UNSTABLE RELAXATION APPROXIMATION 
A relaxation system for equation (2) can be derived using equations for the first two moments. 
Considering the kinetic equation (l), using 
P = (f) 7 4 = f (Pf) 1 
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and integrating, we obtain 
&P + a,9 = 0, 
at9 + $%! (P2f) = -3. 
We close the equations using the above second-order approximation of f to determine (p2f). 
Using the fact that fi has the same parity with respect to p as i, we get 
(P2f) = Kp + E2id,2p + 0 (64) ) 
with x > 0 given by 
i = K2 - x = (114) - (p2)2. 
This yields the relaxation approximation 
atp + a&l = 0, 
atq + ;a,/3 = -5 - xa;p. (3) 
Using 
4 = -6a,p + 0 (f2) , 
a Chapman Enskog expansion gives 
q = +azp + c2~gp + 0 (f4> . 
Using this in (3) leads to the higher-order diffusion equation (2). We have obtained the following. 
PROPOSITION 2. The diffusion equation (2) is an 0(e4) approximation of the relaxation sys- 
tem (3). 
However, a straightforward Fourier analysis shows that the relaxation approximation (3) is 
unstable. 
4. A STABLE RELAXATION APPROXIMATION 
The above relaxation approximation (3) can be stabilized in the following way. Using 
--Icad = q + 0 (f2) , 
we have as above 
azp = -iaEq + 0 (E2). 
We obtain from (3) up to O(c2), 
atp + a,9 = 0, 
at9 + $a,p = -5 + ia&. (4) 
A Fourier analysis shows that this equation is stable. The limit equation of equation (4) up to 
O(tz4) is again the diffusion equation (2). 
PROPOSITION 3. Equation (4) is a stable relaxation approximation for the transport equation (1). 
The diffusion equation (2) is an 0(c4) approximation of the relaxation system. 
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5. RELAXATION APPROXIMATIONS WITH 
ADDITIONAL EQUATIONS 
The above procedure may be extended to more equations. We consider the transport equa- 
tions (l), the two moments 
P = (f) 3 
as before, and additionally, the moment 
p = $ ((P2f) - (P2> (f)) = $ ((P2f) - “P) * 
Integrating, we obtain 
&P + $3x (p3f) - $a,cl = -5. 
We close the equations using a third-order approximation off to determine (p’j). This gives an 
equation for p. Up to O(c2), it is 
4 
atp- (12, -~,2~+~~(2(~~4)~~a~~-(~~)d~~) - $azq= -5. 
Since 
p = Jag + 0 (2) 
= -:a,4 + 0 (f2) , 
q = +a,p - c2azp - 2atq 
= +a,p - f2azp + 2!azp + 0 (f4) ,
we have 
Moreover, 
azp = -i (q fc2azp - 2$azp) +o(c4). 
a, (2+4)azat~- (&aj_3~) = w4b+ WY> 
ii 
a:p 4- 0 (2). 
With i > 0 defined by 
we get up to 0(E2), 
This yields the following. 
PROPOSITION 4. Let a stable relaxation approximation be defined by 
atp + a,q = 0, 
atq + $ft+ + a,p = -5, 
atpi- C&k7 = -$ +Ka$. 
(5) 
Then the diffusion equation (2) is a 0(c4) approximation of (5). 
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6. THE RADIATIVE HEAT TRANSFER EQUATIONS 
The radiative heat transfer equations are written, see [5] 
e&f + P&f = $B(T) - f), 
e2&T = c2kd;T + (f) - B(T), 
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(6) 
where T = T(z, t) is the temperature and 
B(T) = CT4, 
where C is a constant. A relaxation system of the radiative heat transfer is given by 
Using this, we define the relaxation system as 
4~ + &q = $(T) - P), 
&T = kd;T + &I - B(T)). 
The equations are stable as before and are an approximation up to O(c4) of the corresponding 
higher-order diffusion equation. 
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